We study some examples of tauberian operators and show that the second conjugate of a tauberian operator is not always tauberian, answering a question of Kalton and Wilansky. Also we show that the class of tauberian operators is not open, although tauberian operators in the boundary of the class must have nonclosed range.
Introduction
Tauberian operators appeared in a problem of summability [4] and were studied by Kalton and Wilansky [10] and other authors [1, 5, 7, 11, 12] . Recently they have received some attention because they form a broader class than that of isomorphisms (into), but yet they preserve some isomorphic properties of Banach spaces [8, 9] .
Let T* e L(Y*, X*) and J(X) denote the conjugate operator of a continuous linear operator T e L(X, Y) and the immersion of a Banach space X into the second dual X**. -i T is tauberian when T** J(Y) = J(X).
Upper semi-Fredholm operators (operators with closed range and finitedimensional kernel) are trivial examples of tauberian operators, since they are isomorphisms up to finite-dimensional subspace.
The main source of nontrivial examples of tauberian operators is the celebrated factorization of Davis et al. (DFJP factorization) [3] . However, these operators are still a very special class of tauberian operators.
In this paper, we show that all the conjugates of even order of the second factor in the DFJP factorization are tauberian operators. Then, using a construction of Bellenot [2] , we obtain a Banach space and a tauberian operator T in this space such that the second conjugate T** is not tauberian, answering a question of Kalton and Wilansky [10] . Moreover, we can identify (T )** = (T**) .
Observation 3. From the above characterization it is clear that given Banach spaces X, Y with X**/X reflexive, we have that T e L(X, Y) is tauberian if and only if T** is tauberian.
Now we shall present an example of a tauberian operator S such that S** is not tauberian. In order to do that, we shall construct an injective operator T e L(lx) such that T** is not injective, and a Banach space Z and S e L(Z) in such a form that Z**/Z = lx and S = T.
We use a particular case of a construction of Bellenot [2] giving a Banach space Z such that Z**/Z is isometric to /, . it follows easily that \\S\\ < \\T\\.
(b) Take (xn) e J(Xn)**, and let U be the isometry in the proof of Theorem 4: U((xn) + J(Xn)) = Hmxn . We define u := limxn .
Note that (P"u) + J(Xn) = (xn) + J(Xn), since both sequences have the same limit. Then we have TU((xn) + J(Xn)) = Tu = U((PnTu) + J(Xn)) = U(S(Pnu) + J(Xn)) = USq((Pnu) + J(Xn)) = USq((xn) + J(Xn)).
(c) This is a consequence of (b) and the properties of T. We obtain that T e L(X, Y) is cotauberian if and only if T* is tauberian [6] , [7] . In fact, cotauberian operators were introduced in [6] (see also [11] ) as operators whose conjugates are tauberian, and the above definition is a characterization in [7] . Moreover, it is easy to see that T* cotauberian implies T tauberian. However, the above example shows that the remaining implication is not true.
Operators in the boundary of the set of tauberian operators
In general, the class of tauberian operators is not open in L(X, Y). This fact has been observed by Tacon [11] . We now present a very easy example showing it.
Let X be a nonreflexive Banach space, and consider the operator defined by
Since l2(X)** can be identified with l2(X**), and T** acts in the same form as T, it is clear that T and all its conjugates of even order are tauberian. However, we can approximate T by the operators Tn given by Tn : (xk) e l2(X) -(xx, lXx2 ,...,n~[xn,0,0,...)e l2(X).
In fact we have \\TH -T\\ = l/n , but Tn is not tauberian since its kernel is not reflexive.
In some situations we can assure that the class of tauberian operators has a nonempty interior. 
